Abstract: In this work we clarify aspects of renormalization on curved backgrounds focussing on the potential ramifications on the amplitude of inflationary perturbations. We provide an alternate view of the often used adiabatic prescription by deriving a correspondence between the adiabatic subtraction terms and traditional renormalization. Specifically, we show how adiabatic subtraction can be expressed as a set of counter terms that are introduced by redefining the bare parameters of the action. Our representation of adiabatic subtraction then allows us to easily find other renormalization prescriptions differing only in the finite parts of the counter terms. As our main result, we present for quadratic inflation how one may consistently express the renormalization of the spectrum of perturbations from inflation as a redefinition of the bare cosmological constant and Planck mass such that the observable predictions coincide with the unrenormalized result.
Introduction
The earliest inflationary models were proposed over 30 years ago [1] [2] [3] [4] [5] and to this day the framework of cosmological inflation is perhaps the most successful proposal for explaining several non-trivial features of the observed Universe [6] .
In the simplest realisation of inflation an epoch of quasi-exponential expansion of space results from a classical field ϕ slowly rolling down its potential during which its quantum fluctuationsφ get stretched to cosmological scales providing the necessary inhomogeneities that seed the formation of structure in the Universe. The inflationary perturbations are quantified by the spectrum of the co-moving curvature perturbation [7, 8] , R, which in the spatially flat gauge is sourced by fluctuations from the scalar field as
where the power spectrum of a generic quantized variable is defined by a momentum space integral
with |k| ≡ k. The current state-of-the-art measurements give for the observable long wavelength part of the spectrum [6] P R = 2.2 × 10 −9 .
(1.3)
Although rarely discussed in works focussing on Early Universe phenomenology, according to general field theory principles the spectrum of perturbations P R can potentially be modified by the renormalization counter terms one must unavoidably introduce to render the theory finite. For example, in general the variance of the field fluctuations φ 2 is a divergent quantity and any physical result containing it will also have to contain counter terms, δφ 2 , removing the divergences. By way of (1.2) a renormalized variance provides a definition for the renormalization of the power spectrumφ 4) and trivially via (1.1) for (P R ) R ≡ P R − δP R . As the above shows, in general renomalization can have an effect on the amplitude of the inflationary perturbations, it is however widely assumed that renormalization may be performed in such a way that only the very ultraviolet contribution of the spectrum is modified with no effect on the observable long wavelength modes and robust inflationary predictions can be made without addressing proper renormalization of the theory. However, it has also been claimed that renormalization will unavoidably introduce a significant change on the amplitude of the spectrum perturbations from inflation, including the long wavelength modes thus resulting in completely different predictions when compared with standard results [9] . The results of [9] have been the subject of a considerable amount of debate [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] and as far as we are aware, this issue is still viewed as unsolved by many [24] , see also the recent works [25] [26] [27] .
The approach that implies a significant modification of P φ from renormalization was laid out already in [28] [29] [30] and is generally referred to as adiabatic regularization or adiabatic subtraction. This technique has since been established as one of the most popular approaches for renormalization of quantum fields in curved spaces, for examples see [31] [32] [33] [34] [35] [36] [37] . It relies on an adiabatic expansion of modes or more concretely a series in increasing number of derivatives which provides a counter term with the identical divergences to the ones generated by the full quantum correlations, which upon subtraction leads to quantities with the divergences removed.
Despite the great calculational advantages of adiabatic subtraction it does lack features that in some applications would be desirable. The adiabatic subtraction terms are not in any obvious manner related to redefinitions of (bare) constants as introduced by the action, despite the fact that at the most elementary level that is the essence of renormalizing a quantum theory [38] . The specific physical conditions, in particular having a handle on the renormalization scale and the finite terms in the subtractions that in a strict sense are required for providing physical definitions for the renormalized parameters are similarly only implicitly defined in the procedure. If one wished to make use of a set of counter terms with different finite contributions to the adiabatic prescription and hence a different physical interpretation in terms of matching to observations one would have to go beyond adiabatic subtraction. An approach allowing one to achieve this was recently presented in [39] . Furthermore, in the works [40] [41] [42] as summarized in section 14.2.3 of [43] the adiabatic subtraction terms were converted into redefinitions of couplings in the framework of heavy ion collisions. Similar issues were addressed recently in the context of gravitational waves in [44] .
In this work by making use of the techniques of [39] we set out to clarify the non-trivial issues related to the renormalization of the inflationary perturbations and in particular investigate if a modification to the observable spectrum can consistently be kept small even when proper renormalization is implemented.
We will perform our analysis for the simple m 2 ϕ 2 -model given by the matter action
Even though this model is under tension from observations [6] it serves as a useful toy model with which to illustrate our calculation in an accessible form. Following [9] , we will perform the derivation for φ 2 in the framework of quantum field theory on a curved space time, where the metric is assumed to be a classical background field [45, 46] . Although it is strictly speaking not correct to neglect the metric perturbations it can be shown that this approximation will only introduce a small error for the power spectrum. Our conventions are (+,+,+) [47] and c ≡ ≡ 1.
Adiabatic subtraction
The adiabatic subtraction prescription is described at length in [45, 46] where we refer the reader for more information. In this section we will keep our discussion general by considering a Friedmann-Lemaître-Robertson-Walker (FLRW) type metric with
with from now on a(t) ≡ a, in section 3 we will restrict our analysis to de Sitter space exclusively. Adiabatic subtraction was first discussed in [28] [29] [30] and in practical calculations is probably the most frequently utilized method used for renormalization on a curved background. In this approach a renormalized quantity is defined by subtracting an Ath order derivative approximation from the full divergent expression. The order of the expansion A depends on the adiabatic order of divergences in the bare quantity and A should only be as high as to include the generated divergences. Thus in adiabatic subtraction all divergences are removed by a single subtraction. Counter terms in the usual sense of redefining constants as introduced by the action are only implicitly defined by the form of the adiabatic subtraction term. Although this brings about a practical advantage it does make the connection to traditional renormalization framework, discussed at length for example in [38] , less clear. It is however possible also in curved spaces to apply the standard renormalization techniques relying on counter terms derived by redefining bare constants [39] , which we will discuss in section 3.
In this work we have deliberately chosen to denote this prescription adiabatic subtraction instead of adiabatic regularization despite the fact that it is generally viewed as a regularization method instead of a complete renormalization prescription [45, 46] . This is to highlight an important property possessed by it that other regularization methods such as introducing a cut-off or dimensional regularization generally do not: it is not only a method for rendering formally infinite expressions finite, but it by definition contains a prescription for subtraction. When using cut-off or dimensional regularization, in order to complete the renormalization of a quantity one must also define what precisely is to be subtracted from a regularized expression in order to render it physically meaningful. This step one must perform and define in addition to regularization and the prescription one chooses defines the finite pieces contained in the subtraction. As an example one can think of the differences in finite terms introduced in the MS and MS subtraction prescriptions used in particle physics [38] . This is in fact very important for our purposes: although adiabatic subtraction is usually viewed as a technique with which to regularize divergences it nonetheless implicitly also defines a subtraction prescription including the finite terms in the subtraction. For this reason quantities defined via this technique should be viewed more as renomalized instead of regularized expressions and this distinction will be reflected by our choice of language calling finite quantities defined via adiabatic subtraction renormalized.
We can illustrate the adiabatic prescription with an example: the renormalized variance of the fluctuation of a scalar field we can symbolically define as
where φ 2 denotes the bare quantity calculated in some yet undefined state |ψ , (δφ 2 ) ad the adiabatic counter term, |0 (A) the Ath order adiabatic vacuum to be defined shortly and we have split the quantized fieldφ into a mean field φ and a quantum fluctuation
The adiabatic subtraction term (δφ 2 ) ad can be derived as follows: first one solves the equation of motion for the fluctuation obtained from (1.5)
up to the appropriate adiabatic order. By using the standard mode decomposition
the adiabatic solutions come by way of the ansatz
where W is expressed as an adiabatic expansion,
with the c's being functions on a, k and m and where we have normalized our modes such
and for completeness analytically continued our dimensions to n. Explicitly, equation (2.4) reads 9) and using the ansatz from (2.6) gives rise to the equation
From the above we trivially find the leading adiabatic term to be (W 2 ) (0) = ω 2 and upon straightforward iteration (W 2 ) (1) = 0 and [39] (
with which the adiabatic counter term for the variance in (2.2) reads
(2.12)
According to the adiabatic prescription the above includes terms with up to two time derivatives only since beyond this order no divergences are generated in four dimensions, which in the above is denoted with A = 2. For inflation in the approximation of strict de Sitter space a = e Ht with H almost a constant the equation of motion (2.4) can be solved exactly. Making the standard and well-motivated choice of the Bunch-Davies (BD) vacuum as the boundary condition for the mode [48, 49] and focussing on the four-dimensional case the solution is given as
Using the definitions (1.4) and (2.2) for the BD mode as well as the adiabatic counter term (2.12) one may easily find an expression for the adiabatically renormalized power spectrum for the field to be
(2.14)
which for long wavelengths, k/(aH) −→ 0, and small masses, ν −→ 3/2, gives
As discovered in [9] for small masses (2.14) deviates from the unrenormalized expression by several orders of magnitude. For example for m 2 /H 2 ∼ 10 −2 one gets 16) for scales exiting the horizon, k/(aH) ∼ 1. This obviously implies a significant modification to the standard predictions. An important point to keep in mind however is that even if (2.16) is true in the adiabatic prescription, it does not imply that a large correction from renormalization is always unavoidable: it is well-known from the context of particle theory [50] that the counter terms rendering a theory finite have universal divergencies but in general may have different finite contributions depending on the physical boundary conditions one imposes and as discussed in the beginning of this section, adiabatic subtraction is simply one prescription for defining the finite parts of the counter terms. In principle, nothing prevents the existence of other renormalization prescriptions where the long wavelength portion of the spectrum is only mildly modified. Also, the renormalization scale imposed in the adiabatic subtraction terms cannot be easily determined thus rendering the physical interpretation of the subtraction non-trivial.
The above assertion that there must exist other prescriptions beyond adiabatic subtraction is also implied by the axiomatic approach laid out in [51] [52] [53] by Wald: under a few physically motivated criteria the renormalized energy-momentum tensor is unique only up to a covariantly conserved local tensor. For more discussion of this axiomatic approach, see for example chapter 6.6 of [45] .
Furthermore, although for a non-interacting theory the terms introduced by adiabatic subtraction can be reduced to a redefinition of the bare constants of the action, which in principle is ultimately what one does when renormalizing, in the interacting case this no longer applies [39] . Hence, when interactions are included adiabatic subtraction cannot, in a strict sense, be considered a consistent renormalization prescription. Let us then turn to the technique introduced in [39] where these issues are not present and where one may easily choose arbitrary finite pieces for the counter terms.
Counter terms in curved space
In this section we will throughout make use of the de Sitter approximation with a = e Ht andḢ = 0.
One of the main difficulties in performing consistent renormalization on a curved background is respecting coordinate invariance: the renormalized energy-momentum tensor is required to be covariantly conserved which directly implies the same for the respective counter term
Trying to a priori devise a counter term δT µν that removes all generated divergences while at the same time respects the above requirement and does not subtract physically relevant contributions is generally quite non-trivial as (3.1) imposes constraints on the form of the subtractions as well as the regularization used [45, 46] . In adiabatic subtraction no issues arise since the adiabatic modes (2.6) satisfy the equation of motion up to the required truncation which implies that covariant conservation must be respected. Furthermore, since the subtraction term is given implicitly by an integral as in (2.12) one may perform the subtraction procedure by simply combining two formally divergent expressions under the same integral and the issues related to properly regulating the integrals do not arise. This is true also when interactions are present [34] . However, as discussed in the previous section adiabatic subtraction has two features that in some applications render it less ideal: first, as demonstrated in [39] in the interacting case it does not correspond to redefining the parameters of the theory into counter terms and finite physical contributions. Second, it does not posses a handle with which to control the finite pieces of the subtraction. These issues are evaded when implementing the technique of [39] .
Any renormalization prescription in a strict sense should in the end be traced back to a redefinition of constants in the original action i.e. all necessary subtractions should be obtainable from counter terms resulting from the appropriate redefinition of the bare constants, c i , into finite physical pieces, c i,R , and divergent counter terms, δc i , as
which once determined for example from the renormalization of the energy-momentum tensor must remove all divergences that appear in physical quantities. Importantly, when renormalization is performed by introducing counter terms via (3.2) the covariant conservation requirement (3.1) is automatically satisfied given that general coordinate invariance is not broken by an improper choice of regularization, such as a cut-off [54, 55] . Specifically, analytic continuation to n dimensions allows one to write closed expressions for the counter terms resulting from (3.2) while respecting (3.1), as for example implemented in [39] . In this work we will also highlight this feature with an example calculation (see equations (3.14 -3.15)).
In a first principle approach to renormalization in curved space relying on (3.2) it is well-known that in order to have all necessary counter terms one must also introduce the following gravitational action 1 [45, 46] 
in addition to the matter piece in (1.5) i.e.
The first two terms in (3.
In the semi-classical approach with quantum matter and a classical metric S g provides counter terms on the matter or energy-momentum side of the Einstein equation, despite the fact that the tree-level contributions from S g only appear in on the geometric side of the semi-classical Einstein equation
where for a non-interacting theory the only counter terms required come from S g . In an interacting theory counter terms from S m also need to be included [39] . The energy-momentum tensor can be conveniently split into a sum of the classical, quantum and counter term pieces, T µν R ≡ T C µν + T Q µν − δT µν , which for our theory with (1.5) and (3.3) are
where in n-dimensional de Sitter space we have [39] 
12)
As one may see from (3.11 -3.13), in (3.9) in de Sitter space one only needs to include one of the O(R 2 ) tensors in order to cancel all divergences ∝ H 4 and from now on we will neglect the counter terms from the contributions R αβ R αβ and R αβγδ R αβγδ by simply setting δǫ 1 = δǫ 2 = 0 2 . Before discussing the specifics of our method, we comment on an important and nontrivial feature of renormalization on a curved background that we already briefly mentioned at the beginning of this section. In order to verify that the divergences in the energymomentum tensor do in fact organize themselves as a linear combination of local and conserved curvature tensors as in (3.9) a proper regularization method must be introduced. On a curved background some regulators such as a cut-off are problematic as they lead to explicit violation of covariance and hence render any renormalization approach based on redefinition of constants more involved. Specifically, when using a cut-off some noncovariant divergences must simply by removed by hand [54, 55] . Fortunately, in dimensional regularization this problem does not surface which is the reason why throughout we have maintained n dimensions in our expressions. In dimensional regularization covariance is often maintained in a very non-trivial manner related to the special properties of the analytically continued integrals.
One may clarify the above discussion by calculating the vacuum energy and pressure densities in flat space, which come easily with the mode (2.5) inserted into (3.8) with simply
14)
2 In a general FLRW background this cannot be done since (1) Hµν, (2) Hµν and Hµν all have distinct expressions in terms ofȧ/a,ä/a, ... a /a and a (4) /a with dimension H 4 [39] .
for the energy density and for the pressure
where the final expressions in (3.14 -3.15) can be obtained with the standard formulae of dimensional regularization [50] . Quite obviously (3.14 -3.15) satisfy
as required by (3.8 -3.9). The fact that all divergences generated for the energy-momentum tensor when dimensionally regularized organize themselves in the form (3.9) was verified in [39] , in a general FLRW background 3 . What is also apparent is that for a cut-off (3.16) fails since, as we already mentioned, a cut-off violates covariance. This also implies that in a precise sense the integrals are valid as n-dimensional expressions and only if the integrand for some expression is convergent in four dimensions can one set n = 4. In the adiabatic prescription the quantum piece of the energy-momentum tensor can be renormalized as was done in (2.2) for the variance 17) where in four dimensions the adiabatic expansion in general has to be performed up to fourth order in derivatives in order to remove all divergences. As we discussed in the previous section adiabatic subtraction is just one choice for the finite parts of the counter terms δΛ, δM 2 P and δβ. However, since the divergencies are universal adiabatic subtraction can be used to determine the divergent parts of the counter terms. This leads to the following modified approach with which one may introduce arbitrary finite contributions in the counter terms: if we match the adiabatic counter term in (3.17) with the general form in given in (3.9) as
we may extract the specific choice made implicitly for the counter terms in the adiabatic prescription. As is also apparent in the results of the previous section, adiabatic subtraction results in counter terms that are given in terms of momentum space integrals and once we have explicit expressions for δΛ ad , δ(M 2 P ) ad and δβ ad we may straightforwardly find other sets of counter terms with identical divergences but with differing finite parts by changing the parts that remain finite when k/a → ∞. We also note that it has been shown that adiabatic subtraction, including the generated finite pieces, does admit an expression of the form (3.18) [39] .
The expression for energy-momentum can be read from (3.8) with which we can solve the expressions for the energy and pressure density adiabatic counter terms as 20) again for completeness in n dimensions. Making use of (2.6) and (3.18) along with (3.19) and (3.20) gives 22) which now requires one to find a solution for W to fourth adiabatic order, which comes via a straightforward but tedious iteration of equation (2.10). With the help of the appendixes of [39] and [56] , after some work, we can solve the counter terms as defined in the adiabatic prescription to be
and
We note that all dependence on the scale factor in (3.23 -3.25) is of the form k/a as it only comes from the a-dependence of the integration measure and ω 2 = (k/a) 2 + m 2 . Hence, by redefining the integration variable
(3.23 -3.25) can be seen to be strictly constant. By again using standard formulae of dimensional regularization [50] one may check that the divergencies of δΛ ad and δ(M 2 P ) ad match the well-known results, for example as calculated by other means in section 6.2 of
In (3.23 -3.25) we have now successfully extracted the constant counter terms that are implicitly defined by adiabatic subtraction. We emphasize once more that only the divergent parts in (3.23 -3.25) are universal and finite contributions, or terms in the integrands that vanish faster than ∼ q −4 at the high ultraviolet when n = 4, should be determined according to the dedicated renormalization prescription of one's choosing. Note that since we are interested in the four-dimensional results, the last term in (3.21) only generates a finite contribution, since from (3.11) one has (1) H µν ∼ (4 − n)H 4 and by explicitly performing the integral in (3.25) one can show that the leading term in δβ ad when approaching n → 4 scales as (4 − n) −1 .
With (3.23 -3.25) we can now address the main focus of this article, which is finding renormalization prescriptions where the long wavelength limit of the renormalized power spectrum (P φ ) R is much less affected than in the adiabatic approach in (2.14).
Renormalization of the spectrum of perturbations
In order to derive a renormalized expression for the spectrum of perturbations from inflation as defined in (1.1) we need to find a physical quantity that is a function of φ 2 . After all, a physical expression involving φ 2 must also include the appropriate counter terms providing a way of defining δP φ . We need to look no further than the Einstein equations, since by making use of expressions (3.19) and (3.20) , but for the full mode u ad k → u k and with the definition for the spectrum (1.2) we get
(4.1) Equation (4.1) after the appropriate renormalization we can then use as the definition of the renormalized power spectrum
As an example we can use the momentum space expressions for the adiabatic counter terms for δΛ ad and δ(M 2 P ) ad , furthermore setting δβ = 0 and finally solve (P φ ) R from (4.2) in
As we have made use of simplifications arising in strict de Sitter space a direct correspondence with the results of [45] and δβ ad is less obvious. n = 4 to be
which after plugging in the explicit results for δΛ ad k and δ(M 2 P ) ad k from (3.23) and (3.24) precisely coincides with the result of the derivation of section 2 given in equation (2.14) . The reason why we needed to choose δβ = 0 in order to find agreement with adiabatic subtraction is that the variance generates divergences only to second adiabatic order and in the adiabatic prescription the subtraction term is truncated to neglect the orders beyond the divergences. However, the energy-momentum tensor generically has divergences up to fourth order and since we used the energy-momentum tensor to define the physical (P φ ) R in our approach a dependence on counter terms of O(H 4 ) is introduced, although δβ is strictly not required to cancel any divergences in P φ .
Before proceeding let us first discuss a few key elements of our approach and the definition for the renormalization of the power spectrum (P φ ) R we introduced in (4.2). Comparing the adiabatic prescription of section 2 and the result (4.3) it seems we have only been able to derive the identical results in a different form, but in a seemingly more cumbersome manner. The significance of our approach however lies in the fact that throughout we maintain a connection with counter terms in the traditional sense as the renormalized spectrum depends explicitly on coupling constants introduced by the tree-level action. Namely, we succesfully mapped the renormalization of the power spectrum into redefinitions of the cosmological constant and the Planck mass, with the simplifying choice of δβ = 0. By deciphering the counter term content implicitly defined by adiabatic subtraction in (3.23 -3.25) then allows us to make a leap forward: any set of counter terms that coincides with (3.23 -3.25) in terms of the divergences represents in principle a valid renormalization prescription. As the explicit expressions (3.23 -3.25) are given as momentum space integrals modifying the finite terms is straightforward, as we will now show.
Suppose that instead of the adiabatic counter terms (3.23 -3.25) we made use of the following choices
where M is some large mass scale. For n = 4 the leading infinities in (3.23 -3.25) come from terms ∼ ∞ d3 where again the time dependence has disappeared by way of (3.26) and hence the above counter terms generate precisely the same divergences as (3.23 -3.25) . However, they become quickly suppressed for q < M and the observable modes in P φ are unaltered in this renormalization prescription. Since (4.4) correspond to constant redefinitions of the cosmological constant and the Planck mass and furthermore we have not introduced a cut-off but give the counter terms as formally divergent integrals covariant conservation of the renormalized energy-momentum tensor (3.1) must hold. Furthermore, one may calculate the difference in renormalization prescriptions for the energy-momentum tensor between the adiabatic and modified approach by making use of (3.18), (3.23 -3.25) and (4.4) and subtracting the adiabatic result from the modified one, which results in a finite contribution formed as a linear combination of only local and conserved curvature tensors, g µν , G µν and (1) H µν . This is in accord with the ambiguity allowed by the axiomatic approach, as discussed at the end of section 2. Finally, in regards to our discussion after equation (3.16) since the prescription (4.4) was defined by modifying the adiabatic expressions, there is no danger of generating new divergences that require the n-dimensional forms of the integrals and one may consistently set n = 4. Making the choices in (4.4) will via (4.2) give rise to a renormalized power spectrum which explicitly reads
and which trivially coincides with the bare results for the observable modes, in particular 6) without compromising the successful removal of the ultraviolet divergences or coordinate invariance of the theory. As a final comment, we stress that the counter terms in (4.4) serve merely to illustrate that there exist consistent renormalization prescriptions where the observable modes in the spectrum of inflationary perturbations are not affected, contrary to the claim of [9] . A different question all together is providing a set of renormalization conditions based on observations corresponding to clear physical definitions for the cosmological constant and the Planck mass. However, this question can also be approached with the techniques presented here and in [39] .
Discussion
In works investigating Early Universe phenomenology, in particular the physics and implications of cosmological inflation, renormalization in any form is rarely included in the discussion which stems perhaps from the implicit assumption that observable predictions from the bare theory are not significantly altered by it. Although renormalizing a quantum theory on a curved background is known to be a non-trivial endeavour, for any theory containing divergent correlators some consistent procedure for removing the infinities must in principle be applied in order to obtain robust results.
If the subtractions involved in devising a well-defined finite theory in curved space unavoidably gave rise to a significant change over the bare results as suggested in [9] it would force the community to completely overhaul the standard framework with which observable predictions from inflation are derived. This compels a closer look on the process of renormalization in curved space and specifically its effect on the amplitude of perturbations from inflation which was the primary source of the claim in [9] and the debate that followed.
The specific prescription which when implemented on the renormalization of inflationary perturbations significantly modifies the bare results is adiabatic subtraction or regularization, a technique which does not immediately connect to the standard approaches used in the context of particle physics: it does not rely on explicitly redefining the coupling constants of the action to produce the necessary counter terms with which the infinities are removed. It also does not seem to require any information about the specific conditions one needs to choose for defining the physical couplings. This leaves the choices made for finite pieces in the subtraction, which in any subtraction prescription are unavoidable, completely implicit. A technique that can overcome these issues was laid out recently in [39] .
In this work by making use of the approach of [39] we reduced the procedure of adiabatic subtraction into a redefinition of constants allowing one to easily connect it to the more traditional approaches of renormalization. From the renormalized energy-momentum we were able to define the renormalized power spectrum in a way where the subtraction terms were directly mapped to redefinitions of the bare cosmological constant and Planck mass. Disentangling the implicit definitions for the counter terms made in the adiabatic prescription allowed us to find other prescriptions with relative ease, which differ from one another by only local and conserved tensors and hence fall within the ambiguity allowed by the axiomatic approach of [51] [52] [53] . Finally, we showed how one may renormalize the power spectrum such that it is observationally indistinguishable from the prediction of the bare theory.
Our main result is likely to be viewed favourably by the majority of the community working on Early Universe physics as it implies that the observable spectrum of perturbations is not necessarily modified by renormalization, which is the mainstream assumption. However, making any stronger claims at this stage would be somewhat premature: we have showed that prescriptions exist where this is true, but it is a different question to define a well-motivated physical condition for renormalization where the same continues to hold. It is also non-trivial to generalize our approach to the case of an interacting theory as well as to a case where the background is not approximated to be strictly de Sitter, which also would require the inclusion of the metric fluctuations into the calculation.
To conclude, we mention a potentially fruitful future line of research implied by our results. The much used stochastic approach [57, 58] for determining the dynamics of scalar fields in quasi-de Sitter space includes no explicit discussion of renormalization. Hence it would be interesting to explore the consequences from various different renormalization prescriptions on the stochastic approach and their physical interpretations. A specific question that seems worth investigating is whether the important features such as the attractor nature [59] or equilibration [60] are affected by the choice of renormalization prescription.
